Abstract. In this paper, we construct two families of satellite constructions for Brunnian links, called the satellite sum and the satellite tie. An interesting fact is that by applying the satellite sum and the satellite tie constructions, we can build infinitely many new Brunnian links from any given Brunnian links. With the helps of the satellite sum and the satellite tie, we strengthen [6, Proposition 4.6] and give a new decomposition theorem for Brunnian links. We prove that every Brunnian link determines a unique labelled "tree-arrow structure" such that each vertex of the tree represents a generalized Hopf link, a hyperbolic Brunnian link, or a hyperbolic Brunnian link in an unlinkcomplement.
Introduction
The well-known geometric classification theorem of knots states that every knot type is in exactly one of the three classes, torus knots, hyperbolic knots, and satellite knots, and is proved by Thurston [10] . Brunnian links is a typical class of links. Introduced by Brunn [3] in 1892, a Brunnian link is a nontrivial link whose proper sublinks are trivial. One of the motivation of this paper is to seek for the similar geometric classification result for Brunnian links. But it turns out to give totally dissimilar classification result for Brunnian links.
For general links, by using the geometrization for Haken 3-manifolds, Budney [6] gave a general description for the JSJ-decomposition of link complements in S 3 . In this paper, we use an approach different from Budney [6] to study Brunnian links. As a complement of [10, Cor 2.5], we give a canonical decomposition of Brunnian links as well as a geometric classification theorem for the factors of the decompositions. Our decomposition of Brunnian links is different from the JSJdecomposition in [6] .
The construction of new examples of Brunnian links attracts attentions for long time (cf. [3] ). For example, in 1954, Milnor [8, Section 5] constructed a famous sequence of Brunnian links (cf. Example 3.2.1). In 2010's, N. A. Baas et al. [2, 4, 5] constructed various sequences of Brunnian links.
The satellite construction for knots is well-known (cf. [9] ). The satellite construction for links is more complicated than for knots because that the essential torus in the link complement can be either knotted or unknotted. Budney [6, Def 4 .22] distinguished these two kinds of essential torus by "horizontal splice" and "vertical splice" in his companionship graph. Nevertheless, the satellite construction for links has not been explicitly stated.
In the authors viewpoint, Brunnian links are of fundamental importance as well as knots. When we consider a link, we may consider its nontrivial proper sublinks first. Therefore, it's quite reasonable to focus on the nontrivial sublinks with minimal number of components, which are either knots or Brunnian links.
Firstly, we introduce explicitly two kinds of satellite constructions for links, called satellite-sum and satellite-tie. We give Theorem 1.0.3 and Theorem 1.0.4. 
, where L n = n i=1 C i is an unlink. A re-embedding h : U n −→ S 3 makes S 3 − h(U n ) a disjoint union of knot complement spaces. Here h(∂N (C i )) corresponds to the complement of knot k i , and the meridian circle of N (C i ) maps to null-homologous curve in
Roughly speaking, the satellite sum corresponds to the inverse operation of splitting the link by unknotted essential torus, while the satellite tie corresponds to the inverse operation of finding some knotted essential tori in the link complement.
We emphasize that both satellite-sum and satellite-tie can build infinitely many new Brunnian links from any given Brunnian links. We obtain the following two theorems characterizing these two satellite constructions when the link is Brunnian. (2) If a torus T in S 3 splits a Brunnian link L, and is not ∂-parallel in S 3 − L, then T is essential, and L is decomposed by T as the s-sum of two Brunnian links.
For any Brunnian link L, any essential knotted torus in the complement bounds the whole L in the solid torus side.
Secondly, we give the canonical decomposition of Brunnian links in Theorem 1.0.5. We discuss the JSJ-decomposition of Brunnian links.
Satellite sum is commutative and associative with respect to the removed components. The satellite sum of arbitrary many Brunnian links forms a tree structure (cf. Example 3.2.2). We call such representation an s-sum tree. Each vertex of the s-sum tree represents a factor of satellite sum. For an satellite tie (
Given an s-sum tree drawn on the plane, we may replace some factors by their patterns. We call such representation a tree-arrow structure, which is a refinement of s-sum tree structure. We prefer to draw the arrows upward (see Figure 5 ). Theorem 1.0.5. There is a one-one correspondence between the set of Brunnian links and the set of tree-arrow structures. Here in the tree-arrow structures, each factor is a generalized Hopf link, a hyperbolic Brunnian link, or a hyperbolic Brunnian link in an unlink-complement.
As a consequence of Theorem 1.0.5, we have the next corollary. Corollary 1.0.6. If a Brunnian link L is s-prime, untied, and not a generalized Hopf link, then S 3 − L has a hyperbolic structure.
If we replace the arrows in the tree-arrow structure by the JSJ-graphs of the corresponding knots, then we get the JSJ-graphs ([6, Def 4.1]) for Brunnian links (cf. Figure 6 ). As a remark, we give the sketch of an alternative proof of Theorem 1.0.5 by using JSJ-decomposition theorem of 3-manifolds, or equivalently, characterize the feature of JSJ-graphs for Brunnian links by using the main result in [6] .
The remaining part of this paper has two main parts. The first part (Section 3 and Section 4) is the proofs of Theorem 1.0.3 and Theorem 1.0.4. The second part is about the decompositions of Brunnian links. We classify the Seifert Brunnian links (Theorem 5.0.2) (Section 5). We prove the existence and uniqueness of s-sum decomposition and a result about companion tori for s-tie. Using these results, we prove Theorem 1.0.5 (Section 6). We show that the JSJ-graphs of Brunnian links have a "planting structure" (Section 7).
According to Theorem 1.0.5, we see the building blocks of Brunnian links are generalized Hopf links, hyperbolic Brunnian links, and hyperbolic Brunnian links in unlink-complements. In Section 8, we observe Brunnian links in unlink-complements and define an inverse operation of satallite tie, called untie. By untie, we reduce Brunnian links in unlink-complements into the other two types. We further explain to what extent hyperbolic Brunnian links are the basis of Brunnian links.
Preliminary
In this paper, all objects and maps are smooth. All intersections are compact and transverse. We always consider links in S 3 if there is no extra claim. We use L i to denote a link, C i to denote an unknotted link, N (·) to denote a regular neighborhood, D i to denote an open embedded disk, and A i to denote an annulus.
A link is trivial if and only if it is the boundary of mutually disjoint disks. A link bounds mutually disjoint disks in S 3 if and only if it does in R 3 , if and only if it does in a certain 3-ball by compactness and isotopy.
The following truth is fundamental.
By Alexander Theorem, any torus bounds at least one solid torus in S 3 . If the torus bounds exactly one solid torus in S 3 , we say the torus is knotted, otherwise, unknotted.
Satellite sum
In this section, we prove Theorem 1.0.3. We give some examples of satellite sum of Brunnian links. We point out that satellite sum can build infinitely many Brunnian links from given Brunnian links.
3.1. Satellite sum. It is easy to see the definition of satellite sum is symmetric for L(C 1 ) and L (C 1 ). We call it satellite-sum because the new link is a satellite link of both L and L . Based on different orientations of meridian circles and longitudes, there maybe four different satellite sums. We add a bar on the corresponding C i to denote a reversed orientation in gluing. A closed subset K is geometrically essential in V is equivalent to that there is no 3-ball in V containing K, also that if V is a standard solid torus in S 3 , and L is the core circle of the complement of V , then K and L are linked, see [9] . Proposition 3.1.2 uses essentially the Brunnian property.
(ii) L and L are geometrically essential in N (C) and 
We only prove L C is Brunnian. Then by the same argurment, we can also prove that
is a disjoint union of circles. We delete all circles inessential on ∂N (C) from innermost by surgery. The revised disks are still denoted by D i 's.
is not geometrically essential. Thus C also bounds a disk disjoint from n i=2 D i and thus
Case 2. 
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Summarizing Case 1 and Case 2, we conclude that n i=2 C i C is trivial. Thus we obtain that L C satisfies (ST).
To prove (NT), suppose C bounds a disk disjoint from L, then there exists a meridian disk in
is disjoint union of circles. We delete all circles inessential on ∂N (C) from innermost by surgery on D 1 . The revised disk is still denoted by
Both of the subcases contradict to (iii).
As a consequence, we have Theorem 1.0.3. 
If a Brunnian link cannot be decomposed as s-sum of two Brunnian links, neither of which is a Hopf link, we call it s-prime. We define the Hopf link to be not s-prime since the s-sum of a Brunnian link L and Hopf link is L itself. So, the Hopf link is the idendity for the s-sum operation.
3.2. Examples. Given some Brunnian links, if they are not Hopf links, then we can build infinitely many distinct Brunnian links by s-sum. [8] with n components is the s-sum of n − 2 Borromean rings. From this structure we can make a tree with n − 2 vertices and n − 3 edges, such that each vertex corresponds to a Borromean ring.
In Proposition 6.1.1, we generalize this to all Brunnian links such that each Brunnian link have a canonical s-sum tree. 
Satellite tie
In this section, we prove Theorem 1.0.4. We give one of the simplist example of satellite tie of Brunnian link. We point out that satellite-tie construction is able to build infinitely many distinct Brunnian links from any Brunnian link with at least 3 components. So far, in the literatures, no Brunnian link is a satellite-tie.
In order to describe satellite tie, we need to define Brunnian link in unlinkcomplement. Firstly, we clarify that, in a compact 3-manifold, a link is a disjoint union of simple closed curves. We say a link is trivial if it is the boundary of mutually disjoint disks.
To prove Theorem 1.0.4, we need Proposition 4.1.2.
Let L r be an unlink with r components in the solid torus V = N (K). Let U r+1 be an (r + 1)-component unlink-complement and h be a homeomorphism from
Proof.
(1) The "only if " part is obviously true.
The intersection curves inessential on ∂V can be eliminated by surgery from innermost. Choose an intersection circlec essential on ∂V and innermost on some
Then K is an unknot. Both subcases contradict to the assumptions. 
, where H r 's are the knot complement
and U n is homeomorphism to U n , we get the theorem. Figure 4 is an s-tie
Examples. The Brunnian link in
(L 0 , U 1 ⊂ S 3 )tref oil − −−− → L.
Figure 4.
Given the Brunnian link in the unlink-complement (L 0 , U n ⊂ S 3 ), we can take k i 's in Definition 1.0.2 to be of any knot type. This gives infinitely many distinct Brunnian links
2 we see, we can get some Brunnian links in unlink-complements from any Brunnian link with at least 3 components.
Brunnian links with essential annulus in the complement
At the beginning of the second part, we classify all the Brunnian links with Seifert-fibred complements. Actually, we get more results in this section. 
We discuss the types of L 1 and L 2 on the two tori. The two circles L 1 and L 2 cannot both be (0, 1)-curves, i.e. meridian circles of N (C 1 ) and N (C 2 ), since they are in different homology classes of
Thus we have p = 1 or q = 1. Subcase 1.1. p = 1. Then L i is (1, k)-curve on T i for i = 1, 2, thus C 1 and C 2 are parallel. Suppose k = 0, then L − C 1 is trivial by (ST), which implies L is trivial. This is impossible. So k = 0, and L = C 1 C 2 is a Hopf k-link. Subcase 1.2. q = 1. Then k = 1, L 1 is a (1, q)-curve and L 2 is a (q, 1)-curve. Case 2. q = 1. Then by the same argument, the only possibility is that L 1 is a (p, 1)-curve, and L 2 is a (1, p)-curve.
Case 3. p, q > 1. Then L 1 is a torus knot. Since L 2 is isotopic to L 1 , by classification of torus knot, L 2 must be either (p, q)-curve or (q, p)-curve on T 2 . The first case is impossible. In the latter case, k = 1.
In summary, k = 1, L 1 is (p, q)-curve on T 1 and L 2 is (q, p)-curve on T 2 . There are 2 cases. Case 1. p = 0. Then q = 1. Now L is the Hopf link. Case 2. p, q = 0. We show that L is the Hopf link. From now on we choose the other solid torus bounded by T 1 , that is,
We choose a meridian disk D of V 1 such that ∂D ∩ A has q points. Then D ∩ T 2 are disjoint union of circles. Firstly, we eliminate all circles inessential on T 2 from innermost by isotopy of T 2 . The remained circles, denoted by r i=1C i , has to be meridian of N (C 2 ). In fact, they are parallel on T 2 and an innermost one on D bounds a meridian disk of N (C 2 ).
On the other hand, D∩A is disjoint union of circles and proper arcs. Since q = 0, all circles are inessential in A and can be eliminated from innermost by isotopy of A. Now D ∩ A is disjoint union of proper arcs.
Subcase 2.1. The two endpoints of an intersection arc are both on ∂D. Then we choose one arc α outermost on A. This α cuts off a disk on A and we can isotope D to push forward that disk to eliminate α. This is impossible since the number of ∂D ∩ A has achieved minimum.
Subcase 2.2. The two endpoints of an intersection arc are both onC i . Then similarly,the arc can be eliminated in the same way starting from outermost. Subcase 2.3. There is an intersection arc β connecting two differentC i 's. Then it cuts off a disk D β on A. Choose β to be outermost on A. We isotope a neighborhood of β of D to push β across D β to eliminate β. We also eliminate circles inessential on T 2 again if necessary. Now D ∩ A is disjoint union of proper arcs connecting ∂D and someC i 's. Since L 2 is a (q, p)-curve, on eachC i the number of endpoints is no less than q. So there is only oneC i bounding a meridian disk of N (C 2 ). Thus C 2 is the core of V 1 . Consequently, L is the Hopf link. Proof. Suppose L = n i=1 C i is a Brunnian link, and S 3 −N (L) is a Seifert manifold with all singular fibers f 1 , f 2 , ..., f t . Let N (L t i=1 f i )) be the fiber-preserving regular neighborhood, and p :
We see A is essential for otherwise C 1 would be a trivial component. By Proposition 5.0.1, L is a Hopf n-link. Budney [6, Section 3] classifies all Seifert-fibred submanifolds of S 3 . But it needs longer discussion to get Theorem 5.0.2 from the result in [6] .
Hopf n-links are s-prime and untied, since the complement is atoroidal.
Canonical decomposition for Brunnian links
6.1. S-sum decomposition. The following proposition can be called the existence and uniqueness of s-sum decomposition of Brunnian links.
Proposition 6.1.1. If a Brunnian link is not a Hopf link, then it has a unique s-sum tree structure formed by s-prime factors.
The proposition can be derived from the JSJ-Decomposition Theorem. A sketch will be given in Subsection 7.1. For completeness, we give an alternative proof in the appendix without using the JSJ-Decomposition Theorem.
The uniqueness in Proposition 6.1.1 uses essentially the Brunnian property.
Fine companions.
In the complement of a Brunnian link, all the essential knotted tori are neither mutually disjoint nor of finite number in general, even up to isotopy. However, for any maximal collection of essential knotted tori, the collection of the "innermost" tori is finite and unique.
Definition 6.2.1. For a link L, suppose a torus T is knotted in S 3 and essential in S 3 − L. Then T is called a fine companion if in the solid torus V ⊂ S 3 bounded by T , there is no torus T such that (1) T bounds a solid torus in V , (2) T is knotted in S 3 and essential in S 3 − L.
Proposition 6.2.2. For any Brunnian link L, the fine companions are mutually disjoint up to isotopy. Moreover, the maximal collection of the finite companions is finite.
The proposition can be derived from the JSJ-Decomposition Theorem. A sketch will be given in Subsection 7.1. For completeness, we give an alternative proof in the appendix without using the JSJ-Decomposition Theorem. The fine companions bound mutually disjoint knot complements. The collection of all the fine companions cobounds an unlink-complement. For any essential knotted torus T , there is a fine companion T i in the solid torus bounded by T . Therefore, T is in the knot complement bounded by T i , thus T is a companion of the knot corresponding to the fine companion T i . We focus on fine companions because we do not care about knots when studying Brunnian links.
6.3.
Independence between s-sum and s-tie. Lemma 6.3.1. In the complement of a Brunnian link L, suppose the union of tori T 1 T 2 ... T n decomposes L into s-prime Brunnian links, and T 1 T 2 ... T l is a collection of essential knotted tori in the complement of L. Then T 1 ∪ T 2 ∪ ... ∪ T n and T 1 T 2 ... T l can be isotoped to be disjoint.
The lemma can be derived from the JSJ-Decomposition Theorem. A sketch will be given in Subsection 7.1. For completeness, we give an alternative proof in the appendix without using the JSJ-Decomposition Theorem. Proof. Suppose the decomposition torus T 0 bounds the solid torus V which contains L − C, and bounds the solid torus V which contains L − C . Let T be an essential knotted torus in S 3 − L C † C L . Then by Lemma 6.3.1, T is disjoint from T 0 after isotopy. Without loss of generality, suppose T ⊂ V . Obviously, T is still essential in
For any innermost circle on D, whenever the circle is inessential on T 0 , we eliminate it by an isotopy of D. After that, there is an innermost circle on D bounds a compression disk of T 0 on D. This contradicts with that T 0 is essential. Figure 5 . An example of tree-arrow structure.
6.4. Tree-arrow structure. Given a tree-arrow structure for a Brunnian link, all the tori bounding knot complements with types of knots beside the arrows, cobound an unlink-complement which contains all the s-sum decomposition tori.
We have the theorem of canonical decomposition for Brunnian links, Theorem 1.0.5.
Proof of Theorem 1.0.5. If a compact 3-manifold M with tori boundaries is irreducible, ∂-irreducible, anannular and atoroidal, then by Thurston's Geometrization for Haken 3-manifolds [10] , M admits a unique hyperbolic structure up to isometry.
No sphere splits a Brunnian link in S 3 or in an unlink-complement by Theorem 2.0.2. By Proposition 5.0.1, any untied s-prime Brunnian link is either a Generalized Hopf link or hyperbolic. By Proposition 5.0.3, an atoroidal Brunnian link in an unlink-complement is hyperbolic.
Given a Brunnian link L, suppose the union of tori T sum = T 1 T 2 ... T n in the complement decomposes L into s-prime Brunnian links, giving an s-sum tree. For each factor, take the maximal collection of fine companions to get a pattern, and replace each factor in the s-sum tree by the pattern, then we get an tree-arrow structure. The union of these collections is denoted by T f ine = T 1 T 2 ... T l . Then each T i cut off a knot complement from S 3 . In any other piece cut off by T sum T f ine , there is neither unknotted nor knotted essential torus. So this is a tree-arrow structure required in the theorem.
Suppose there is another tree-arrow structure for L satisfying the theorem. The union of tori T sum decomposes L as s-sums and the union of tori T knot correspond to the knots in the patterns. Since each piece cut by T sum T knot contains no unknotted essential torus, T sum is maximal. Thus T sum = T sum by Proposition 6.1.1.
By Lemma 6.3.2, T f ine is the maximal collection of fine companions for L. Since each piece cut by T sum T knot , if not a knot complement, contains no knotted essential torus, T knot is also a maximal collection of fine companions for L. By Proposition 6.2.2, T knot = T f ine .
JSJ-graphs for Brunnian links
7.1. Maximal decomposition, JSJ-decomposition and canonical decomposition for Brunnian links. Suppose T maximal is a maximal collection of mutually disjoint essential tori in the complement of a Brunnian link. T maximal has no uniqueness in general. Suppose T JSJ is the collection of JSJ-decomposition tori, where T knotted and T unknotted are the collections of knotted and unknotted tori respectively. Suppose T sum and T f ine are the collection of s-prime decomposition tori and fine companions respectively. See Figure 6 . We explain how to derive Proposition 6.1.1, Proposition 6.2.2 and Lemma 6.3.1 from the JSJ-decomposition Theorem (actually the torus decomposition Theorem). We omit the details. At the same time, we get the relationships in Figure 6 .
JSJ-Theorem ⇒ Proposition 6.1.1: By JSJ-decomposition theorem, T unknotted ⊂ T unknotted . By Theorem 1.0.3(2), T unknotted ⊂ T sum . By Theorem 5.0.2 and Proposition 5.0.3, T sum ⊂ T unknotted .
JSJ-Theorem ⇒ Proposition 6.2.2: We have Theorem 1.0.4 (2) and that T sum = T unknotted . So the point is that the JSJ-pieces bounded by the "innermost" tori in T knotted are not Seifert. This is by Proposition 5.0.3. Then T f ine ⊂ T knotted .
Moreover, by JSJ-decomposition theorem, T knotted ⊂ T knotted . JSJ-Theorem ⇒ Lemma 6.3.1: Based on Proposition 6.2.2 and the characteristic of T JSJ , it is easy to see.
7.2. JSJ-graph for Brunnian links: Planting structure. Budney [6, Section 4] investigates JSJ-decomposition of link components. Each link has only one labelled JSJ-graph. The labelled JSJ-graph of any knot is a rooted tree. We give the feature of the labelled JSJ-graph for Brunnian links.
Firstly, we draw a non-directed tree on the flat ground, which corresponds to the s-sum decomposition. Each vertex is replaced by a tree-pit. If (L 1 , U l ⊂ S 3 )k 1 , ..., k l − −−−− → is a pattern in the canonical tree-arrow structure, and As a by-product, we obtain that for Brunnian links, the tori in T maximal \ T JSJ can only appear in the "key chain" manifolds by [6, Thm 4 .18] and Proposition 5.0.3 . 7.3. Remark. We clarify the relationship between our results and the known results. Equivalently, we show how to derive Subsection 7.2 and Theorem 1.0.5 from the result in [6] . We omit the details.
[6, Prop 4.6] ⇒ planting structure: We need to show all the vertical splices form disjoint rooted trees and all the vertical splices form a connected tree. So we need Theorem 1.0.3(2) and Theorem 1.0.4 (2) .
Planting structure ⇒ Theorem 1.0.5: We need that T sum = T unknotted and T f ine ⊂ T knotted . So we need Theorem 5.0.2 and Proposition 5.0.3.
To get the meaning of the "tree" part in the tree-arrow structure in Theorem 1.0.5, we need Proposition 6.1.1.
To get the meaning of the "arrow" part in the tree-arrow structure in Theorem 1.0.5, we need Proposition 4.1.2 and Lemma 6.3.2.
Untie
By Definition 1.0.2, the inverse operation of satellite tie should be taking the pattern. In this section we define another kind of inverse operation of s-tie, called untie. We use untie to reduce the Brunnian links in unlink-complements into two other types in Theorem 1.0.5. Subsection 8.1 gives the motivation for doing so.
8.1. Brunnian link in unlink-complement. In this subsection, we observe Brunnian links in unlink-complements. 8.1.1. Example. We can construct various Brunnian links in unlink-complements from the Brunnian link L in the left of Figure 8 . For instance, C 1 , C 2 , C 3 , C 4 are black circles in the right figure. We can even "twist" or "tie a knot" at the middle part of C 4 . Then L is Brunnian link in
and so on. Each space is an unlink-complement. For a closed subset K in an unlink-complement
This is equivalent to that any C i fails to bound a disk avoiding any other C j and K. For example, given
.., L n are Brunnian links, and we take a component in each of them. LetL be an s-sum of L 0 and L 1 ,..., L n , using each preferred component. Then L is a geometrically essential Brunnian link in S 3 −L.
Proof. We see U = S 3 −L is homeomorphic to the union of U and U j , j = 1, ..., n, where
Suppose to the contrary, L is trivial in U . Then the mutually disks bounded by L cannot be contained in U . Thus in S 3 , the disks must intersects with N (L 0 ). We can isotope N (L 0 ) to be thin enough so that the disks intersect N (L 0 ) only in their meridian disks. This contradicts with that L j 's are nontrivial. Thus L is Brunnian in U .
Suppose to the contrary, L is not geometrically essential in U . LetC 1 be a component of L 1 − * which bounds a disk in U . Since L 1 is Brunnian, this disk cannot be isotoped into U 1 . So this disk must contain a subdiskD which is a meridian of S 3 − N (C 1 ). Since L is geometrically essential in U ,D cannot be contained in U . We can isotope N (L 0 − C 1 ) to be thin enough so thatD intersects N (L 0 − C 1 ) only in their meridian disks. This contradicts with that L j 's are nontrivial.
Taking each L j in Lemma 8.1.1 to be any Brunnian link, we can construct infinitely many Brunnian links in the unlink-complement U m for any m ≥ n. , then take h(L) C, where C is the core of S 3 − V . Type-0: Otherwise, directly take the new link h(L).
In both types, the new link is easily verified to be Brunnian. The way in type-1 is unique by the main result of [7] . In type-0, there are Z-many re-embedding ways from the choice of the longitude of the new V .
We will use three examples to show the complicities of untying. Suppose T 1 , T 2 , ..., T l are essential knotted tori in S 3 − L. We may assume they are fine companions.
Example 8.2.2. The resulted link depends on the order of untying the tori. See Figure 9 . If we untie T 1 before T 2 , then T 1 is untied in type-0 and T 2 is untied in type-1. On the other hand, if we untie T 2 first, then we should untie T 2 in type-0. Nevertheless, we have the following result.
Proof. It is equivalent to prove that if we can re-embed V l , the solid torus bounded by T l , to make L trivial, then we can re-embed V l to make L 0 trivial. Suppose we have untied T l and denote the unlink-complement bounded by Proof. In each step, take all the link complement pieces in the tree-arrow structure of the obtained link. There is no essential knotted torus in Seifert pieces by Proposition 5.0.1 and Proposition 5.0.3. For each hyperbolic piece, untying either keep or increases the hyperbolic volume. The volumes of hyperbolic 3-manifolds have a uniform lower bound, in fact it is of order type ω ω , see [10] . So the procedure stops in finite steps. On the other hand, for a (hyperbolic) Brunnian link in an unlink-complement, we can always untie it step by step into untied, and then make s-sum decomposition to make each factor either hyperbolic or a generalized Hopf link in finite steps. Although the result is not unique owing to the way of untie in type-0, each step makes the factors simpler in some sense.
In summary, we prefer to reduce the hyperbolic Brunnian links in unlink-complements into the other two types. In this sense we say the generalized Hopf links and hyperbolic Brunnian links are the basis of Brunnian links. their core, T i still decomposes this Brunnian link as an s-sum. Since Hopf link is not s-prime, there are no parallel tori in the collection.
We add such tori one by one into S 3 to decompose L step by step. Each step produces one more factor of s-sum. Suppose a Brunnian link L is decomposed as L 1 (C 1 ) and L 2 (C 2 ). If both L 1 and L 2 has more than two component, it's called a big step. If not, it's called a small step. In a big step, L 1 and L 2 both have the numbers of components less than L, so there are finitely many big steps in total.
For each component of L, there exist disks bounded by it and intersecting other components. We take the least number of the intersecting points among all such disks. The total intersection number of L is defined to be the sum of such numbers for all components. In each small step, we may assume L 1 has the same number of components as L and L 2 has two components. By Lemma 9.0.1, the total intersection number of L 1 is less than L. The same holds when we decompose L 2 . So there are at most finitely many steps between two big steps. Therefore there are finitely many steps in total.
Uniqueness: Suppose there are two maximal collections of disjoint tori T 1 ∪ T 2 ∪ ... ∪ T n and T 1 ∪ T 2 ∪ ... ∪ T l both decomposing L into s-prime Brunnian links. We consider each T i ∩ T j , which is union of disjoint circles if not empty.
For circles both inessential in T i and T j , choose an innermost circle C 0 in T i , which bounds D i and D j on T i and T j respectively. Then D i and D j form a sphere. One 3-ball bounded by this sphere is empty, i.e., it contains no components of L, since L is not split. So we can isotope T j to push D j across D i to eliminate C 0 . Thus we can assume there are no circles both inessential in T i and T j .
For circles inessential in one of T i and T j , for instance T j , choose an innermost such circle C bounding D on T j . Then D is the meridian circle of one solid torus bounded by T i , which is impossible by (ii) ⇒ (i) in Theorem 1.0.3. So we can assume the intersection circles are both essential on T i and T j , and thus are parallel.
The essential parallel circles cut both T i and T j into annuli. We know that, any properly embedded annulus in a solid torus with essential boundary is ∂-parallel unless the boundary is the union of two meridian circles. Choose a solid torus V bounded by T i , such that the circles are not meridian on it. Consider an annulus A ⊂ T j with boundary on T i , outermost in V . There is an annulus A ⊂ T i with the same boundary, and A ∪ A bounds a compression solid torus V 1 for A in V . Then V − V 1 is also a solid torus.
In the case that V 1 is empty, i.e., it contains no components of L, we isotope T j to delete ∂A. In the case that V 1 is not empty, we denote the proper sublink in V 1 to be L 1 , which is geometrically essential in V 1 . We claim V − V 1 is empty. Suppose to the contrary, the proper sublink L 2 in V − V 1 is also geometrically essential. We know the sublink in V and the core line of S 3 − V form a Brunnian link. But when we delete L 1 , L 2 can not bound disjoint disks because L 2 is also geometrically essential in V . This contradicts to (ST).
Suppose V 1 is knotted, whose core is a torus knot, then L 1 is already nontrivial in S 3 . Thus V 1 is unknotted. This means the essential circles on T i are (1, n)-curves or (n, 1)-curves. Case 1. They are (1, n)-curves. Then T i − A is also parallel to A in V − V 1 . Since V − V 1 is empty, we can isotope T i across A to delete ∂A . Case 2. They they are (n, 1)-curves. Then for simplicity, rechoose V to be the other solid torus bounded by T i to transform into the (1, n)-curves case.
Thus T 1 ∪T 2 ∪...∪T n and T 1 ∪T 2 ∪...∪T l are disjoint. If there is a T j not parallel to any T i , we can add it into the first surface, which contradicts with maximal, and vice visa. Thus they are parallel to each other up to orders and n = l.
Proof to Proposition 6.2.2. Suppose there are two collections of mutually disjoint fine companions T and T , where both have no parallel tori. We prove the theorem by 2 steps. (1) After isotopy, T and T are disjoint. (2) If the two collections are maximal, then they coincide after isotopy. By Haken's finiteness theorem, the number of mutually disjoint essential tori in the complement, with no two tori parallel, is bounded.
(1) The proof is similar to the uniqueness in Proposition 6.1.1. Consider the intersection of T 1 ∈ T and T 1 ∈ T and denote the solid tori bounded by them to be V and V respectively. The intersection circles inessential on T 1 or T 1 can be eliminated similarly, since L is not split and L is geometrically essential in V and V . In V , consider an annulus A ⊂ T 1 with boundary on T 1 , outermost in T 1 . There is an annulus A on T 1 with the same boundary.
Case 1. A is ∂-parallel. Then A ∪ A bounds a compression solid torus V 1 for A in V .
When V 1 is empty, as in the proof of Proposition 6.1.1, we isotope T 1 to delete ∂A. So we suppose V 1 is not empty. Firstly, we claim V − V 1 is empty, and thus L ⊂ V 1 . This is because for otherwise, the proper sublink in V − V 1 is geometrically essential and thus nontrivial in S 3 . Since L is geometrically essential in V , it is geometrically essential in V 1 . We discuss the circles ∂A on T 1 . Subcase 1.1. ∂A are (0,1)-curves, i.e. meridian circles of V . This is impossible since if there is a compressing disk for T 1 in V , then T 1 is not essential torus. Subcase 1.2. ∂A are (1, n)-curves. Then T 1 − A is also parallel to A in V − V 1 , so we can isotope T 1 across A to eliminate ∂A . Subcase 1.3. Other cases. Then by surgery along A, we produce a new torus with A in V which is not parallel to T 1 . This contradicts to that T 1 is fine.
Case 2. A is not ∂-parallel. Then ∂A are (0, 1)-curves and A ∪(T 1 −A) bounds a knotted solid torusṼ in V , with the same meridian. So the torus A ∪ (T 1 − A) is essential and thus L ⊂Ṽ . By surgery along T 1 − A, we produce a new torus with A in V which is not parallel to T 1 . This contradicts to that T 1 is fine.
In summary, T 1 and T 1 can be isotoped to be disjoint.
Step by step we can make the fine companions in the two collections to be disjoint.
(2) Since the two classes of fine companions are both in maximal collections, they must be parallel to each other pair by pair.
Proof to Lemma 6.3.1. Consider the intersection circles of T 1 ∪ T 2 ∪ ... ∪ T n and T 1 ∪ T 2 ∪ ... ∪ T l . Inessential circles can be deleted since L is not split and the sublinks in the corresponding solid tori are geometrically essential. Since the proof of uniqueness in Proposition 6.1.1 did not use that T 1 ∪ T 2 ∪ ... ∪ T l are unknotted tori, the proof of this lemma is the same. 
